Abstract Skew Hadamard difference sets are an interesting topic of study for over seventy years. For a long time, it had been conjectured the classical Paley difference sets (the set of nonzero quadratic residues in F q where q ≡ 3 mod 4) were the only example in abelian groups. In 2006, the first author and Yuan disproved this conjecture by showing that the image set of D 5 (x 2 , u) is a new skew Hadamard difference set in (F 3 m , +) with m odd, where D n (x, u) denotes the first kind of Dickson polynomials of order n and u ∈ F * q . The key observation in the proof is that D 5 (x 2 , u) is a planar function from F 3 m to F 3 m for m odd. Since then a few families of new skew Hadamard difference sets have been discovered. In this paper, we prove that for all u ∈ F * 3 m , the set
Introduction
Let (G, +) be a finite group of order v (written additively). A k-element subset D of G is a (v, k, λ) difference set if the list of differences d 1 For more information on difference sets, we refer to [1, 3, 11] .
Suppose that D is a difference set in (G, +) of order v. If G is the disjoint union of D, −D, and {0}, where −D = {−d : d ∈ D}, then D is called skew (or antisymmetric). It turns out that skew difference sets must have the parameters (4n − 1, 2n − 1, n − 1) up to complementation, and are called skew Hadamard difference sets. The first family of skew Hadamard difference sets is the classical Paley difference sets in (F q , +), i.e., the set of nonzero quadratic residues of F q , where q ≡ 3 (mod 4) is a prime power. The second family of skew Hadamard difference sets had not been known until 2006 [7] . In [7] , using D 5 (x, u), the first kind of Dickson polynomials of order 5, the first author and Yuan constructed a new family of skew Hadamard difference sets in (F 3 m , +). The proof relies on the fact that D 5 (x 2 , u) is planar for all u ∈ F * 3 m , i.e., D 5 ((x + a) 2 , u) − D 5 (x 2 , u) permutes F 3 m for each a ∈ F * 3 m . Later, this construction was generalized by Weng, Qiu, Wang and Xiang [16] by showing that the image set of every 2-to-1 planar function from F q to F q is a skew Hadamard difference set if q ≡ 3 (mod 4). The first author, Wang and Xiang also proposed another family of skew Hadamard difference sets in (F 3 m , +) using the permutation polynomials from the Ree-Tits slice symplectic spreads [6] . For recent progress on skew Hadamard difference sets, for example, see [15, 14, 8, 9] .
The idea behind the construction in [6] is the following: If the image set of the classical Paley difference set under a permutation polynomial is still a difference set, then the image set must be a skew Hadamard difference set. The problem of constructing new skew Hadamard difference sets then becomes that of finding such permutation polynomials by which the difference set property of the classical Paley difference sets is preserved. In fact, the classical Paley difference sets and the construction in [7] can be also viewed in such a way, but the proofs are more transparent by considering the skew Hadamard difference sets therein as the image sets of corresponding planar functions. In this paper, we make use of this idea again to construct new skew Hadamard difference sets. The permutation polynomials we apply are D 7 (x, u), the first kind of Dickson polynomials of order 7. However, the proof is quite different from that in the construction using the Dickson polynomials of order 5 [7] , noting that D 7 (x 2 , u) is not a planar function in F 3 m . The proof techniques were once employed in [6] , but are more complicated here because of the structure of D 7 (x, u). Besides a new family of skew Hadamard difference sets in (F 3 m , +), the contribution of this paper is also to enrich the possibilities of constructing skew Hadamard difference sets using permutation polynomials, and this may lead to a better understanding of such kinds of permutation polynomials.
The rest of the present paper is organized as follows. In Section 2, we briefly introduce some preliminaries, and present some auxiliary results on the Dickson polynomials of order 7. In Section 3, using the first kind of Dickson polynomials of order 7, we construct a family of skew Hadamard difference sets. Moreover, we discuss the inequivalence relations between the new skew Hadamard difference sets and the existing ones. In Section 4, we conclude this paper with some open problems.
Preliminaries and some auxiliary results
In this section, we first introduce some preliminaries, which are the main tools later in our proof. We then derive some auxiliary results on the first kind of Dickson polynomials of order 7.
Gauss sums and the Stickelberger's theorem
Let q = p m be a prime power and ξ n be a fixed complex primitive n-th root of unity. Define ψ :
, which is a nontrivial character of (F q , +), where Tr q/p denotes the trace function from F q to F p . Let χ : F * q → C * be a character of F * q . The Gauss sum is defined by
An elementary property of Gauss sums is the following:
where χ 0 is the trivial character of F * q . Gauss sums can also be viewed as the Fourier coefficients in the Fourier expansion of ψ in terms of the characters of F * q , i.e., for each x ∈ F * q ,
where X denotes the character group of F * q . In order to utilize Gauss sums, we need Stickelberger's theorem on the prime ideal factorization of Gauss sums.
For each prime ideal p in Z[ξ q−1 ] lying over p, we have that Z[ξ q−1 ]/p is a finite field of order q, denoted by F q . Let ω p be the Teichmüller character on F q , which is an isomorphism 
The Dickson polynomials and some auxiliary results
Let m > 0 be an integer and q = p m with p a prime. For each u ∈ F q , the Dickson polynomial D n (x, u) of the first kind is defined by [12, 13] 
In [7] , the first author and Yuan showed that the polynomial g u (x) = D 5 (x 2 , −u) is a planar function from F 3 m to F 3 m , and then constructed skew Hadamard difference sets by using the image set of g u (x). We also refer to [16] for an explanation of this construction from the viewpoint of presemifields. When the order n = 7, the Dickson polynomial is
Hereafter, let q = 3 m . We will employ the Dickson polynomial D 7 (x, u) to construct new skew Hadamard difference sets in (F q , +). To this end, we need the following auxiliary results.
Lemma 1 [12, 13] The Dickson polynomial D n (x, u), for each u ∈ F * q , is a permutation polynomial of F q if and only if gcd(n, q 2 − 1) = 1.
q , is a permutation polynomial of F q if and only if m ≡ 0 (mod 3).
Proof Note that gcd(7, q 2 − 1) = 1 if and only if m ≡ 0 (mod 3). The desired conclusion then follows from Lemma 1.
⊓ ⊔
For each u ∈ F * q , define
For the image set D u , we have the following result.
Lemma 2 If m is odd and m ≡ 0 (mod 3), for each u ∈ F * q , we have
Note that the Dickson polynomial D 7 (x, u) is a permutation polynomial when m ≡ 0 (mod 3) by Lemma 1. We then have x 2 = −y 2 , which implies that −1 is a square in F q . Since q = 3 m and m is odd, this is a contradiction. Thus, we have
Second, by the first assertion of this lemma, it suffices to prove that 
The construction
In this section, we show that the image set defined by (2) is a skew Hadamard difference set in (F q , +). We first present the main theorem as follows.
Theorem 2 Let u ∈ F * q and D u be defined as in (2) . If m is odd and m ≡ 0 (mod 3), D u is a skew Hadamard difference set in (F q , +).
Since we have already proved that D u is skew in Lemma 2, it suffices to prove that D u is a difference set. In order to do this, we need to prove that for every nontrivial additive character ψ of F q ,
We will use the following lemma [5] to simplify the proof.
Lemma 3 Let G be an abelian group of order p m , where p is a prime congruent to 3 modulo 4, and m is an odd integer. Let D be a subset of G such that in
and D (t) = D for every nonzero quadratic residue t modulo p. If for every nontrivial additive character ψ of G,
then D is a difference set in G.
Now we are ready to show that D u is a skew Hadamard difference set in (F q , +).
Proof (Theorem 2)
Since 1 ∈ Z/3Z is the only nonzero quadratic residue modulo 3, the condition of Lemma 3 can certainly be satisfied, i.e., D (t) u = D u for every nonzero quadratic residue t modulo 3. By Lemma 2, D u is skew. Then by Lemma 3, it suffices to show that for every nontrivial additive character ψ β :
where
, β ∈ F * q , ξ 3 = e 2πi/3 , and Tr denotes the trace function from F q to F 3 .
We now compute the left hand side of (3). Let χ be the multiplicative quadratic character of F q . Then
where in the last equality we used the facts that D 7 (x, u) is a permutation polynomial of F q and D 7 (0, u) = 0. It then follows that (3) is equivalent to
We then have
where 7 −1 denotes the multiplicative inverse of 7 modulo q − 1.
, and η u = −β
Using Fourier inversion (1), we have for each z ∈ F * q ,
where ω is the Teichmüller character on F q . Then we get
where 5 −1 is the multiplicative inverse of 5 modulo q − 1. Let z = η
Thus,
Fix each prime ideal p in Z[ξ q−1 ] lying over 3 and let B be the prime ideal of Z[ξ q−1 , ξ 3 ] lying over p. Since v B (3) = 2, we have
It then follows that
By Theorem 1, we have for each b with 0 ≤ b ≤ q − 2,
Thus, to prove (5), it suffices to prove that for each b with 0 ≤ b ≤ q − 2,
We will prove the statement in Theorem 5. Since the proof of (7) is lengthy, we put it in Appendix A.
If γ u = 0, we need to prove that
Similarly, using Fourier inversion (1), we have
Therefore, in order to prove (8), we need to show that for all
We will prove (9) in Theorem 6, which is also put in Appendix A. Combining Theorem 5, Theorem 6, and Lemma 2, the conclusion follows. ⊓ ⊔
Inequivalence of skew Hadamard difference sets
In this section, we discuss the equivalence relations of skew Hadamard difference sets. In [6] , all the known families of skew Hadamard difference sets in (F 3 m , +) with m odd were summarized and the inequivalence relations were verified by computer for m = 5, 7. For the skew Hadamard difference sets constructed from the first kind of Dickson polynomials of order 7, we first have the following result, similar to both the Ding-Yuan skew Hadamard difference sets in [7] and the skew Hadamard difference sets from Ree-Tits permutation polynomials in [6] .
Theorem 3 Let u ∈ F * q . The skew Hadamard difference sets D u in (F q , +) constructed in Theorem 2 are equivalent to either of the following:
Setting u = 1 in (10), we have
Thus, it is easily seen that
With similar argument, we can also prove that for every nonsquare u ∈ F * q , D u is equivalent to D −1 .
⊓ ⊔
In general, it is difficult to distinguish inequivalent skew Hadamard difference sets [7, 6] . In [7, 6] , two different techniques were used to verified the inequivalence relations by computer, respectively. Here we use the method in [1, 6] to determine the inequivalence relations for m = 5, 7. In the sequel, we use P to denote the classical Paley difference set, DY(1) and DY(−1) to denote the two classes of skew Hadamard difference sets in [7] , RT(1) and RT(−1) to denote the two classes of skew Hadamard difference sets in [6] , respectively. When m = 5, the distributions of the triple intersection numbers of these difference sets in (F 3 m , +) It is easily checked that the distributions of all these 7 classes of skew Hadamard difference sets are pairwise distinct. Therefore, we conclude that all these 7 classes of skew Hadamard difference sets are pairwise inequivalent for m = 5.
When m = 7, we only need to check the maximum and the minimum triple intersection numbers of these difference sets in (F 3 m , + Thus, for m = 7, all these 7 classes of skew Hadamard difference sets are also pairwise inequivalent. Consequently, we make the following conjecture. 
Conclusions
Using the first kind of the Dickson polynomials D 7 (x, u), we showed that for all u ∈ F * q , D u , the image set of D 7 (x 2 , u) is a skew Hadamard difference set in (F 3 m , +) , where m is odd and m ≡ 0 (mod 3). Furthermore we proved that every such skew Hadamard difference set is equivalent to either D 1 or D −1 . By comparing the triple intersection numbers, with the help of computer, we verified that both of the two skew Hadamard difference sets in (F 3 m , +) are inequivalent to all existing ones with the same parameters for m = 5, 7. To conclude the paper, we would like to make the following remarks.
(1) Based on the numerical results (up to m = 19), it seems impossible to obtain new skew Hadamard difference sets using the Dickson polynomials of higher order. (2) We emphasize that this is the second family of skew Hadamard difference sets using permutation polynomials (the first one in [6] ). Both of the two examples still look mysterious, and it is more interesting to characterize such permutation polynomials that can be used to construct skew Hadamard difference sets. On the other hand, because of the direct relation between skew Hadamard difference sets and even planar functions [16] , one may ask whether the skew Hadamard difference sets constructed in this paper are in fact the image sets of certain new planar functions. 
A Appendix
In this appendix, we prove both (7) and (9) . Let q = 3 m with m odd and m ≡ 0 (mod 3). In both two proofs, we will always use the following theorem [10] . a (2) , . . . , a (n) be n integers, and let the integer s satisfy
for some nonzero integers l 1 , l 2 , . . . , ln. Suppose that s and a 
Moreover, if we define
for i = 0, 1, . . . , m − 1 provided that a (j) ≡ 0 mod p m − 1 for some j = 1, . . . , n.
Theorem 5 For each a, 0 ≤ a ≤ q − 2, we have
where w(a) is the digit sum of a defined in Theorem 1.
Proof Since m is odd, we have gcd(q − 1, 5) = 1. Thus, it is equivalent to prove
For each 0 ≤ a ≤ q − 2, suppose that a has the ternary representation a = m−1 i=0 a i 3 i with a i ∈ {0, 1, 2}. We extend a 0 , a 1 , . . . , a m−1 to a periodic ternary sequence with period m, i.e., a i = a j whenever i ≡ j (mod m). We then have
For each i, let
and by Theorem 4, there exists a unique sequence {c i } such that
with s i ∈ {0, 1, 2}, where b i ∈ {1, 2, . . . , 7} and c i ∈ {0, 1, 2, 3} is the carry from the ith digit to the (i + 1)th digit in the modular summation of
, −3 2 a, 3a and −a. Similarly, for 5a, we have
and there exists a unique sequence {e i } such that
with t i ∈ {0, 1, 2}, where d i ∈ {0, 1, . . . , 6} and e i ∈ {0, 1, 2} is the carry from the ith digit to the (i + 1)th digit in the modular summation of 3 2 a, −3a and −a. It then follows that
Thus, to prove Theorem 5, it suffices to prove
We now prove the inequality above by discussing all the possible values of a i + c i + e i , where a i ∈ {0, 1, 2}, c i ∈ {0, 1, 2, 3} and e i ∈ {0, 1, 2}.
There is only one possibility: a i = 2, c i = 3 and e i = 2. On one hand, by (14) ,
On the other hand, by (13), we have By (16) 
Meanwhile, by (15), we have
It then follows from (17) and (18) By (13), we also have
Thus, (19) and (20) imply that b i = 6, a i−1 = 2 and a i−2 = 0. By (15), we can determine the value of d i as By (14) and (16), we have 6 ≤ b i ≤ 7 and 4 ≤ d i ≤ 6. Adding up these two inequalities, we have 10
By (13) and (15), we have
Adding up the two inequalities above, we get
contradicting to (21). III.(ii). a i = 1, c i = 2 and e i = 2.
It follows from (13) and (15) (13) and (15), we get
Thus, c i−1 = 3 and e i−1 = 2, which is impossible according to Case III.(i). III.(iii). a i = 1, c i = 3 and e i = 1.
By (14) and (13), we get
and
respectively. Thus, we have b i = 6, a i−1 = 2 and a i−2 = 0. Again by (14) ,
With similar argument by (16) and (15) (16) and (15) again, we have
respectively. This is a contradiction. III.(v). a i = 2, c i = 2 and e i = 1.
while by (14) and (16), we get (14) and (13), we have
This is a contradiction. Now we look at the second subcase, i.e., b i = 4, d i = 1 and a i−1 − a i−2 = 1. Note that by (14) and (16) 
For each 0 ≤ a ≤ q − 2, and 0 ≤ b ≤ q − 2, suppose that a and b have the ternary representation a = m−1 i=0 a i 3 i with a i ∈ {0, 1, 2} and b = m−1 i=0 b i 3 i with b i ∈ {0, 1, 2}, respectively. Here we view both {a i } and {b i } as ternary sequences with period m. It then follows that
It is easily seen that d i ∈ {1, 2, . . . , 13}. By Theorem 4, there exists a unique sequence {c i } such that
with s i ∈ {0, 1, 2}, where c i ∈ {0, 1, . . . , 6} is the carry from the ith digit to the (i + 1)th digit in the modular summation of
, −3a, −3a, a, −3 2 b, 3b and −b. We then have
Thus, it suffices to prove
To prove Theorem 6, we need the following results on the sequence {c i }. 
and 10
Adding up these two inequalities, we get 
This is a contradiction. Proof Suppose to the contrary that c i−2 = 5. Since
where the last inequality follows from Lemma 5. By (23), we have
7
11
Adding up the three inequalities, we get Proof Suppose to contrary that c i−3 = 5. Note that
where in the last inequality we used the fact that c i−4 ≤ 4 by Lemma 5. Using (23), we have
8
Adding up (31) and (32), (33) and (34), respectively, we get
By ( Proof For r = 1 and r = 2, the conclusion follows from Lemma 6 and Lemma 7, respectively. For r > 2, suppose to the contrary that c i−r−1 = 5. Since
. .
where in the last inequality we used the fact that c i−r−2 ≤ 4 by Lemma 5. Combining with (23), we get
. . .
Adding up both two adjacent inequalities above, we have
Notice that (41) It then follows that a i−r = 2, which is a contradiction to a i−r ≤ 1. To sum up, if c i−r−1 = 5, we can always derive a contradiction. Thus, the conclusion follows. 
